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A compact Riemann surface X of genus g > 1 which can be
realized as a p-sheeted covering of the Riemann sphere for some
prime p is called p-gonal. If there is an automorphism of order p
on X which permutes the sheets, we call X cyclic p-gonal. Here
we classify conformal actions on cyclic p-gonal Riemann surfaces
of genus g > (p − 1)2 up to topological conjugacy and determine
which of them can be maximal.
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1. Introduction
We say that a ﬁnite group G acts on an orientable surface X if there exists a monomorphism
ε : G → Hom+(X), where Hom+(X) is the group of orientation-preserving homeomorphisms of X .
Two actions of ﬁnite groups G and G ′ on X are topologically equivalent if the images of G and G ′ are
conjugate in Hom+(X). There are two reasons for the topological classiﬁcation of ﬁnite actions rather
than just the groups of homeomorphisms. Firstly, there is one-to-one correspondence between the
equivalence classes of group actions and conjugacy classes of ﬁnite subgroups of the mapping class
group and so such a classiﬁcation gives some information on the structure of this group. Secondly,
the enumeration of ﬁnite group actions is a principal component of the analysis of singularities of the
moduli space of conformal equivalence classes of Riemann surfaces of given genus since such a space
is an orbit space of Teichmüller space by a natural action of the mapping class group, see [5].
The classiﬁcation of conformal actions on Riemann surfaces, up to topological conjugacy, is a clas-
sical problem which was considered for surfaces of genera g = 2,3 in [4] and g = 4 in [2].
A compact Riemann surface X of genus g  2 is said to be cyclic p-gonal if there is an automor-
phism  of prime order p such that the orbit space X/〈〉 is the Riemann sphere. Such an automor-
phism is called p-gonality automorphism and it gives rise to a ramiﬁed covering of the Riemann sphere
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generated by a p-gonal automorphism of a Riemann surface of genus g is unique as was mentioned
by Accola in [1].
A p-gonal Riemann surface is a particular case of the so-called cyclic (q, p)-gonal Riemann sur-
face which admits a conformal automorphism  of prime order p such that X/〈〉 has genus q.
For (q, p) = (0,2) and (0,3), X is hyperelliptic and trigonal, respectively. Topological classiﬁcation of
conformal actions on q-hyperelliptic Riemann surfaces, which are deﬁned as (q,2)-gonal, was given
in [10–12] for q = 0,1 and 2, respectively. The groups of conformal automorphisms of hyperelliptic
Riemann surfaces were studied in [3] and [6]. Here we determine, up to topological equivalence, con-
formal actions on cyclic p-gonal Riemann surfaces of genus g > (p − 1)2 for p > 2 and decide which
of them correspond to the full groups of automorphisms. In particular, we classify the actions of auto-
morphism groups of cyclic trigonal Riemann surfaces which were studied by authors of [7]. We apply
their methods to determine the orders of groups and signatures of their covering Fuchsian groups.
The main results of the paper are given in Theorems 3.5–3.10.
2. Preliminaries
2.1. Fuchsian groups
We shall approach the problem using the Riemann uniformization theorem by which any compact
Riemann surface X of genus g  2 can be represented as the orbit space of the hyperbolic plane H
under the action of some Fuchsian surface group Γ . Furthermore, a group of automorphisms of a
surface X =H/Γ can be represented as Λ/Γ for another Fuchsian group Λ. Each Fuchsian group Λ
has a signature σ(Λ) = (g′;m1, . . . ,mr) which determines the presentation of Λ:
generators: x1, . . . , xr,a1,b1, . . . ,ag′ ,bg′ ,
relations: xm11 = · · · = xmrr = x1 . . . xr[a1,b1] . . . [ag′ ,bg′ ] = 1,
where g′  0 and mi  2. For the sake of notational simplicity we shall write (m1, . . . ,mr) if g′ = 0.
Such a set of generators is called the canonical set of generators and often, by abuse of language, the set
of canonical generators. Geometrically xi are elliptic elements which correspond to hyperbolic rotations
and the remaining generators are hyperbolic translations. The integers m1,m2, . . . ,mr are called the
periods of Λ, g′ is the genus of the orbit space H/Λ and it is called the orbit genus. Fuchsian groups
with signatures (g′;−) are called surface groups and they are characterized among Fuchsian groups as
these ones which are torsion free.
The group Λ has a fundamental region whose area μ(Λ), called the area of the group, is:
μ(Λ) = 2π
(
2g′ − 2+
r∑
i=1
(1− 1/mi)
)
. (1)
If Γ is a subgroup of ﬁnite index in Λ, then the Riemann–Hurwitz formula states that
[Λ : Γ ] = μ(Γ )
μ(Λ).
(2)
Proposition 2.1. If Γ is a normal subgroup of Λ of ﬁnite index N, x1, . . . , xr is the set of canonical elliptic
generators of Λ, [m1, . . . ,mr] the set of periods of Λ and ni denotes the order of xiΓ ∈ Λ/Γ , then the proper
periods in σ(Γ ) are [
m1/n1, N/n1. . . ,m1/n1, . . . ,mr/nr, N/nr. . . ,mr/nr
]
,
where the integers mi/ni = 1 are omitted.
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following theorem of Macbeath [9].
Theorem 2.2. Let X = H/Γ be a Riemann surface with the automorphism group G = Λ/Γ and let x1, . . . , xr
be elliptic canonical generators of Λ with periods m1, . . . ,mr respectively. Let θ : Λ → G be the canonical
epimorphism and for 1 = h ∈ G let εi(h) be 1 or 0 according as h is or is not conjugate to a power of θ(xi).
Then the number F (h) of points of X ﬁxed by h is given by the formula
F (g) = ∣∣NG(〈h〉)∣∣ r∑
i=1
εi(h)/mi . (3)
2.2. Conformal actions on Riemann surfaces
Let G be a ﬁnite group acting on a Riemann surface X of genus g > 1 such that the canonical
projection X → X/G is ramiﬁed at r points with multiplicities m1, . . . ,mr and g′ is the genus of X/G .
Then the vector of numbers (g′;m1, . . . ,mr) is called the branching data of G on X . For simplicity of
notation we shall omit g′ in the case g′ = 0. A (2g′ + r)-tuple (α1, . . . ,αg′ , β1, . . . , βg′ , γ1, . . . , γr) of
generators of G such that γm1i = 1 for i = 1, . . . , r, γ1 . . . γr[α1, β1] . . . [αg′ , βg′ ] = 1 and
2g − 2 = |G|
(
2g′ − 2+
r∑
i=1
(
1− 1
mi
))
is called a generating (g′;m1, . . . ,mr)-vector.
For such a vector, there exists a Fuchsian group Λ with the signature (g′;m1, . . . ,mr) and an
epimorphism θ : Λ → G deﬁned by the assignment θ(ai) = αi, θ(bi) = βi and θ(x j) = γ j . The kernel
of θ is a surface Fuchsian group Γ of orbit genus g such that G ∼= Λ/Γ and X ∼=H/Γ .
There is a one-to-one correspondence between the set of generating vectors of G and the set of
short exact sequences of homomorphisms 1 → Γ → Λ θ−→ G → 1 in which Λ is a Fuchsian group
and Γ is isomorphic to the fundamental group of X . We shall denote X and the generating vector
corresponding to θ by Xθ and vθ , respectively.
Two short sequences of homomorphisms 1 → Γi → Λi θi−→ Gi → 1 for i = 1,2 deﬁne topologically
equivalent actions if ϕθ1 = θ2ψ for some isomorphisms ϕ : G1 → G2 and ψ : Λ1 → Λ2. We say that
the pair (ψ,ϕ) induces equivalence of generating vectors vθ1 and vθ2 . There exists a homeomorphism
η : Xθ1 → Xθ2 such that ηg = ϕ(g)η for any g ∈ G1.
If an element g ∈ G of order m preserves point P ∈ Xθ then there is the unique primitive complex
m-th root of unity ξ such that any lift of g to H that ﬁxes point is conjugate to the transformation
z 	→ ξ · z in Aut(H). We write ξP (g) = ξ and we call ξ−1 the rotation constant of g in P . Since any
element of Λ which preserves point is conjugate to some power of one of elliptic generators xi , it
follows that m divides mi and ξ is a power of e2π i/mi for some i = 1, . . . ,mr .
Proposition 2.3. Assume that (ψ,ϕ) induces the equivalence of two short exact sequences of homomorphisms
1 → Γi → Λi θi−→ Gi → 1, i = 1,2, and let η : Xθ1 → Xθ2 be homeomorphism such that ηg = ϕ(g)η for any
g ∈ G. If P ∈ Xθ is a ﬁxed point of g then η(P ) is a ﬁxed point of ϕ(g) and ξP (g) = ξη(P )(ϕ(g)). Furthermore,
if ξ is a primitive complex m-th root of unity, where m is the order of g, and u is an integer co-prime with m
then the number of points in Xθ1 at which the rotation constant of g is equal to (ξ
u)−1 is the same as the
number of points in Xθ2 at which the rotation constant of ϕ(g) is equal to (ξ
u)−1 .
3. Topological classiﬁcation of conformal actions on cyclic p-gonal Riemann surfaces
In this chapter we study conformal actions on cyclic p-gonal Riemann surfaces up to the topo-
logical classiﬁcation. Since such a classiﬁcation on hiperelliptic surfaces was already done by Weaver
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group of a cyclic p-gonal Riemann surface X =H/Γ , where Λ is a Fuchsian group with the signa-
ture (g′;m1, . . . ,mr) and Γ is its normal surface subgroup of orbit genus g > (p − 1)2. The group G
admits the unique cyclic p-gonality subgroup H . We denote the order of the group G˜ = G/H by N .
For the canonical epimorphisms θ : Λ → G and π : G → G˜ , we use symbols θ˜ and x˜i to denote the
composition πθ and the image θ˜ (xi) ∈ G˜ of an elliptic generator xi ∈ Λ. By mi and ni we denote the
orders of xi and x˜i , respectively.
Lemma 3.1. The group G has one of the following branching data:
Case |G˜| Branching data
(A) 1 (p, t. . . , p)
(B) N (Nε1,Nε2, p, t. . . , p)
(C) N (2ε1,2ε2, (N/2)ε3, p, t. . . , p)
(D) 12 (2ε1,3ε2,3ε3, p, t. . . , p)
(E) 24 (2ε1,3ε2,4ε3, p, t. . . , p)
(F ) 60 (2ε1,3ε2,5ε3, p, t. . . , p)
(4)
where εi = 1 or p for i = 1,2,3; t = (2g−2+2p)/(p−1) and G˜ is trivial in case (A); t = (2g−2+ p/ε1 +
p/ε2)/N(p − 1) and G˜ ∼= ZN in (B); t = (2g − 2 +∑3i=1 Np/mi − pN)/N(p − 1) and G˜ is isomorphic to
DN/2 , A4 , S4 , A5 in cases (C), (D), (E), (F ), respectively.
Proof. Suppose that σ(Λ) = (g′;m1, . . . ,mr) and let Γ˜ ⊂ Λ be a subgroup containing Γ as a normal
subgroup of index p such that H = Γ˜ /Γ . Since H is the only p-gonality subgroup of G , it follows that
Γ˜ is normal in Λ and by the Riemann–Hurwitz formula, σ(Γ˜ ) = (p, (2g+2p−2)/(p−1). . . , p). According to
Proposition 2.1, mi/ni are equal to p or 1. For simplicity we shall assume that mi = pni if i  s and
mi = ni if i > s, for some s ∈ {1, . . . , r}. Then Proposition 2.1 gives
(2g + 2p − 2)/(p − 1) =
s∑
i=1
N/ni .
This equation together with the Riemann–Hurwitz formula for (Λ, Γ˜ ) yields
2N − 2− 2Ng′ = N
r−t∑
i=1
(1− 1/ni),
where t stands for the cardinality of the set of indices i with ni = 1. Thus g′ = 0 and we obtain the
following solutions of the above equation, where the ﬁrst one corresponds to the trivial case N = 1:
(A) t = r, N = 1,
(B) t = r − 2, n1 = n2 = N > 1,
(C) t = r − 3, n1 = n2 = 2, n3 = N/2, N > 2,
(D) t = r − 3, n1 = 2, n2 = n3 = 3, N = 12,
(E) t = r − 3, n1 = 2, n2 = 3, n3 = 4, N = 24,
(F ) t = r − 3, n1 = 2, n2 = 3, n3 = 5, N = 60.
(5)
Since x˜i for i  r − t generate G˜ and they have orders ni we conclude, using the well-known
classiﬁcation of spherical groups, that the group G˜ is trivial in case (A) and isomorphic to ZN , DN/2,
A4, S4 and A5 in cases (B), (C), (D), (E) and (F ), respectively. Furthermore, since ni = 1 implies
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listed branching data with t calculated by the Riemann–Hurwitz formula. 
According to the branching data given in Lemma 3.1, we shall refer to a conformal action on a
cyclic p-gonal Riemann surface as to (A), . . . , (F )-action.
Lemma 3.2. (i) A generating vector of G is equivalent to
v = (g1, . . . , gr−t,h, . . . ,h︸ ︷︷ ︸
t1
, . . . ,hp−1, . . . ,hp−1︸ ︷︷ ︸
tp−1
)
, (6)
for some 1 = h ∈ H, gi ∈ G \ H and integers t1, . . . , tp−1 possibly equal zero such that t1 +· · ·+ tp−1 = t and
g1 . . . gr−th
∑p−1
j=1 jt j = 1. We shall denote vector (6) by [g1, . . . , gr−t |h : t1, . . . , tp−1].
(ii) Two equivalence classes of generating vectors are equal if and only if they have representatives v1 =
[g1, . . . , gr−t |h : t1, . . . , tp−1] and v2 = [g′1, . . . , g′r−t |h : t′1, . . . , t′p−1], respectively, for which there exists an
integer n in range 1 n p − 1 such that
gnii = g′nnii , i = 1, . . . , r − t, t j = t′j′ , j′ ≡ nj (p), j = 1, . . . , p − 1. (7)
Proof. Let θ : Λ → G be a surface kernel epimorphism, where Λ is a Fuchsian group with one of
signatures listed in (4). Then for i > r − t , θ(xi) are nontrivial elements of H which can be reordered
freely. Indeed, for any integers k, l in range r− t < k < l r, let ψk,l be an automorphism of Λ deﬁned
by
ψk,l(xi) =
⎧⎪⎨⎪⎩
xi, i = 1, . . . ,k − 1, l + 1, . . . , r,
xl, i = k,
x−1l xixl, i = k + 1, . . . , l − 1,
(xk+1 . . . xl)−1xk(xk+1 . . . xl), i = l.
Then the pair Ψk,l = (ψk,l, idG) allows θ(xk) to change places with θ(xl) and so any permutation of
elements θ(xi) with indices greater than r − t provides an equivalent vector. Thus a generating vector
of G can be written in the form (6) for some 1 = h ∈ H and gi ∈ G \ H .
In order to prove the second part of lemma we shall determine the rotation constants of h. Let
zi ∈H be a ﬁxed point of xi and let ξmi = e2π i/mi for i = 1, . . . , r. Then xi acts on H via z 	→ ξmi · z for
z ∈H. The canonical projection H→ X maps zi to point Pi preserved by θ(xi) and ξPi (θ(xi)) = ξmi .
Let li be an integer in range 0  li < p such that θ(xi)ni = hli . Then li = 0 iff mi = ni . For li = 0,
there exists an integer ui such that uili ≡ 1 (p). Then by Theorem 2.2, h has |G|/mi ﬁxed points in
G-orbit of Pi and the rotation constants of h in these points are equal to (ξui )−1 for ξ = ξnimi .
Now let v1 = [g1, . . . , gr−t |h : t1, . . . , tp−1] and v2 = [g′1, . . . , g′r−t |h : t′1, . . . , t′p−1] be two generat-
ing vectors of G corresponding to epimorphisms θ and θ ′ , respectively. If they are equivalent then
there exist automorphisms ψ : Λ → Λ and ϕ : G → G such that ϕθ = θ ′ψ . Since H is the only
p-gonality subgroup of G , it follows that ϕ(h) = hn for some integer n in range 1 n  p − 1. Thus
for all branching data but those with ni0 = ni0+1 and εi0 = εi0+1 = p for some i0 < r − t , we have
li ≡ nl′i (p), i = 1, . . . , r − t , and t j = t′j′ for j′ ≡ nj (p), j = 1, . . . , p − 1, since otherwise we obtain a
contradiction with Proposition 2.3.
For the exceptional branching data, there is one more possibility li0 ≡ nl′i0+1 (p) and li0+1 ≡
nl′i0 (p). However if gi0 changes places with gi0+1 then we still have an equivalent vector. Indeed,
if ε1 = ε2 = p in case (B), then G is a cyclic group of order pN generated by g1, h = gu1N1 and it is
easy to check that the pair Ψ1,2 allows g1 to change places with g2. In cases (C)–(F ) with exceptional
signatures, G is generated by two elements x = gi0 and y = gi0+1 which satisfy the relations xpni0 = 1,
ypni0+1 = 1, xni0 ui0 li0+1 = yni0+1 and (xy)ns = xni0 ui0 (−ls−ns
∑p−1
j=1 jt j) , where s = 3 or 1 according to i0 = 1
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change places with gi0+1.
So if v1 and v2 are equivalent then we can assume that li ≡ nl′i (p), i = 1, . . . , r − t , and t j = t′j′ ,
for j′ ≡ nj (p), j = 1, . . . , p − 1.
Conversely, if v1 and v2 satisfy the above conditions then the pairs (idΛ,ϕn) and Ψk,l induce
their equivalence, where ϕn is an isomorphism of G deﬁned by ϕn(h) = hn and ϕn(gi) = g′i for i =
1, . . . , r − t . 
Remark 3.3. It does not matter which element h ∈ H we chose to write down a generating vector
of G in the form (6).
Proof. Let v = [g1, . . . , gr−t |h : t1, . . . , tp−1] be a generating vector of G . Then for any integer n in
range 1 n p − 1, there exists an equivalent vector v ′ = [g′1, . . . , g′r−t |h : t′1, . . . , t′p−1] such that the
conditions (7) are satisﬁed. Thus v ′ is equivalent to [g′1, . . . , g′r−t |h′ : t1, . . . , tp−1] for h′ = hn . 
Lemma 3.4. Let ε1, ε2, ε3 ∈ {1, p}. Then a (2ε1,n2ε2,n3ε3, p, t. . . , p)-generating vector of G, is equivalent to
[
xl, y,
(
xl y
)−1
h−
∑p−1
j=1 jt j
∣∣h : t1, . . . , tp−1], (8)
where t1 + · · · + tp−1 = t, l = 1 in all cases but ε1 = ε2 = p or 1 l < 2p is odd integer different than p in
the exceptional cases. The elements x, y,h ∈ G satisfy the relations:
x2h−l1 , yn2h−l2 ,hp, xhx−1h−α, yhy−1h−γ , (xy)n3h−δ, (9)
for some integers 0 l1, l2,α,γ , δ < p such that
(1) α ∈ {1,−1}, γ n2 ≡ 1 (p), (αγ )n3 ≡ 1 (p),
(2) li = 0 or 1 according to εi = 1 or p respectively,
(3) ε3 = 1 iff δ +∑p−1j=1 jt j∑n3−1k=0 (αγ )k + n3(l − 1)/2 ≡ 0 (p),
(4) if ε1 = ε2 = 1 and δ = 0 then δ = 1 and αγ ≡ 1 (p).
Vector v ′ = [x′ l′ , y′, (x′ l′ y′)−1h−
∑p−1
j=1 jt′j |h : t′1, . . . , t′p−1] is equivalent to v if and only if l′ = l and the
conditions (7) are satisﬁed. In such a case v ′ is equivalent to [x′ l, y′, (x′ l y′)−1h′−
∑p−1
j=1 jt j |h′ : t1, . . . , tp−1] for
h′ = hn.
Proof. If G acts on a cyclic p-gonal Riemann surface with the branching data (2ε1,n2ε2,n3ε3,
p, t. . . , p), then G˜ is generated by two elements x˜1 and x˜2 of orders 2 and n2, respectively, whose
product has order n3. By Lemma 3.2, a generating vector v of G is equivalent to
[
x, y, (xy)−1h−
∑p−1
j=1 jt j
∣∣h : t1, . . . , tp−1], (10)
for some x ∈ π−1(x˜1), y ∈ π−1(x˜2) and a nonidentity element h ∈ H . Since H < G is a normal cyclic
subgroup of order p, it follows that there exist integers 1  α,γ < p such that xhx−1 = hα and
yhy−1 = hβ . Thus h = x2hx−2 = hα2 what implies α2 ≡ 1 (p). So p divides one of integers α − 1 or
α + 1 and consequently α = 1 or α = p − 1, respectively. Similarly, we justify that γ n2 ≡ 1 (p) and
(αγ )n3 ≡ 1 (p).
Since ((xy)−1h−
∑p−1
j=1 jt j )n3 ∈ H , it follows that (xy)n3 = hδ for some integer 0  δ < p such that
δ +∑p−1j=1 jt j∑n3−1k=0 (αγ )k ≡ 0 (p) iff ε3 = 1.
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(xy)(xy)n3 (xy)−1 = (xy)αγn3 and so αγ ≡ 1 (p). By the proof of Lemma 3.2, we can reorder freely
the elements of generating vector with indexes greater than 3 what allows us assume that h = (xy)n3
in (10).
In the case (ε1, ε2) = (1, p), x2 = 1 and yn2 is a nontrivial element of H . By Remark 3.3, there
exists an equivalent vector in the form of (10) with h = yn2 . If δ = 0 then yn2 is central in G and so
the relations xhx−1h−α and hyh−1h−γ are redundant. The case (ε1, ε2) = (p,1) is similar and so we
omit it.
If ε1 = ε2 = p then there exists an equivalent vector (10) with h = yn2 . The elements x and y have
orders 2p and n2p, respectively and (xy)n3 = hδ , where δ + n3∑p−1j=1 jt j ≡ 0 (p) iff ε3 = 1. Since x2 is
a nonidentity element of H , it follows that x2 = yl1n2 for some integer 1 l1  p− 1. Let us exchange
the generator x for w = xhk , where k = (1− l1)(p + 1)/2. Then w2 = yn2 , w2p = 1 and (wy)n3 = yn2δ′
for δ′ such that n3k + δ ≡ δ′ (p). Thus vector v can be written as v = [wl, y, y−1−n2
∑p−1
j=1 jt j w−l|yn2 :
t1, . . . , tp−1], where l = l1 or l1 − p according to l1 being odd or even. Since xl1−p = xp+l1 , we can
assume that l is odd integer different than p in range 1 l < 2p.
Finally, we shall show that vectors corresponding to different values of l1 cannot be equivalent.
For, let
v ′ = [x′, y′, (x′ y′)−1h′−∑p−1j=1 jt′j ∣∣h′ : t′1, . . . t′p−1]
be a generating vector of G equivalent to v for some x′ ∈ π−1(x˜1) and y′ ∈ π−1(x˜2) satisfying the
relations y′n2 = h′ and x′2 = h′ l′1 with l′1 = l1 and let a be an integer such that al1 ≡ 1 (p). Then
x′ = xhs , y′ = yht for some 0  s, t  p − 1. Let θ and θ ′ be surface kernel epimorphisms from a
Fuchsian group Λ with the signature (2p,n2p, ε3n3, p, r. . . , p) onto G deﬁned by v and v ′ , respec-
tively. By Lemma 3.2, there exists an integer n such that θ(xi)nin = θ ′(xi)ni for i = 1, . . . , r. Since
[θ(x1)]2a(l1+2s) = [θ ′(x1)]2, it follows that a(l1 + 2s) ≡ n (p). Thus [θ(x2)]n2n = θ ′(x2)n2 implies that
a(l1 + 2s) ≡ 1 + n2t (p). By comparison the last with the condition x′2 = y′ l′1n2 we obtain that
l′1a ≡ 1 (p). Thus a(l′1 − l) ≡ 0 (p) and so l1 ≡ l′1 (p), a contradiction. 
The next theorem follows directly from Lemma 3.2.
Theorem 3.5. The topological type of the (A)-action on a p-gonal Riemann surface of genus g > (p − 1)2
is determined by a group of automorphisms Zp = 〈h〉 and a (p, t. . . , p)-generating vector [h : t1, . . . , tp−1],
where t1, . . . , tp−1 are integers possibly equal zero such that t1 + · · · + tp−1 = t and∑p−1j=1 jt j ≡ 0 (p). Two
vectors [h : t1, . . . , tp−1] and [h : t′1, . . . , t′p−1] are equivalent if and only if there exists an integer n in range
1 n p − 1 such that t j = t′j′ for j′ ≡ nj (p) and j = 1, . . . , p − 1.
Theorem 3.6. The topological type of the (B)-action on a p-gonal Riemann surface of genus g > (p − 1)2
is determined by an (Nε1,Nε2, p, t. . . , p)-generating vector [x, x−1h−
∑p−1
j=1 jt j |h : t1, . . . , tp−1] for some
ε1, ε2 ∈ {1, p} and a group of automorphisms G with one of listed presentations:
Case (ε1, ε2) Presentation of G h
(B.a) (1,1) 〈x : xN 〉 ⊕ 〈z : zp〉 z
(B.b) (1,1) 〈x, z : zp, xN , xzx−1z−α〉 z
(B.c) (p,1) 〈x : xpN 〉 xN
(B.d) (p, p) 〈x : xpN 〉 xN
where the following conditions are satisﬁed:
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∑p−1
j=1 jt j ≡ 0 (p) and t =
∑p−1
j=1 t j > 0,
(B.b) α is an integer in range 1< α < p such that
∑N−1
k=0 αk ≡ 0 (p),
(B.c)
∑p−1
j=1 jt jN + 1 ≡ 0 (p),
(B.d)
∑p−1
j=1 jt jN + 1 ≡ 0 (p).
Proof. Assume that v is a generating vector of a group G acting on a p-gonal Riemann surface with
branching data (Nε1,Nε2, p, t. . . , p). Then G˜ is a cyclic group of order N generated by x˜1 and by
Lemma 3.2, v is equivalent to
[
x, x−1h−
∑p−1
j=1 jt j
∣∣h : t1, . . . , tp−1], (11)
for some x ∈ π−1(x˜1) and 1 = h ∈ H .
Thus for ε1 = ε2 = 1, G is generated by two elements x and h of orders N and p, respectively.
Since H = 〈h〉 is a normal cyclic subgroup of G , it follows that there exists an integer α in range
1  α  p − 1 such that xhx−1 = hα . Furthermore, xN ∈ H and so h = xNhx−N = hαN what implies
that α = 1 or ∑N−1k=0 αk ≡ 0 (p). Consequently, we obtain the presentation (a) or (b), respectively.
In the last case x−1h
∑p−1
j=1 jt j is an element of order N for arbitrary parameters t j . In the case (a) it
happens iff N
∑p−1
j=1 jt j ≡ 0 (p).
If ε1 = p then xN is a nontrivial element of H and so G is a cyclic group of order pN generated
by x. By reordering the elements of vector (11) with ni = 1, if necessary, we obtain an equivalent
vector of the form [
x, x−1−N
∑p−1
j=1 jt j
∣∣xN : t′1, . . . , t′p−1].
The second element of the above vector has order N if
∑p−1
j=1 jt jN + 1 ≡ 0 (p) and it has order pN
otherwise. 
Theorem 3.7. Let N be even integer greater than 2 and ε1, ε2, ε3 ∈ {1, p}. Then the topological type of the
(C)-action on a cyclic p-gonal Riemann surface of genus g > (p − 1)2 is determined by (2ε1,2ε2,N/2ε3 ,
p, t. . . , p)-generating vector v and a group of automorphisms G, where in all cases but ε1 = ε2 = p, v =
[x, y, (xy)−1h−
∑p−1
j=1 jt j |h : t1, . . . , tp−1] and G has one of listed below presentations:
Case (ε1, ε2) Presentation of G h
(C .a) (1,1) 〈x, y : x2, y2, (xy)N/2〉 ⊕ 〈z : zp〉 z
(C .b) (1,1) 〈x, y, z : x2, y2, zp, (xy)N/2, xzxz, yzyz〉 z
(C .c) (1,1) 〈x, y, z : x2, y2, zp, (xy)N/2, xzxz−1, yzyz〉 z
(C .d) (1,1) 〈x, y : x2, y2, (xy)pN/2〉 (xy)N/2
(C .e) (1, p) 〈x, y : x2, y2p, (xy)N/2 y−2δ〉 y2
(C . f ) (1, p) 〈x, y : x2, y2p, xy2xy−2, (xy)N/2〉 y2
(C .g) (1, p) 〈x, y : x2, y2p, xy2xy2, (xy)N/2〉 y2
(C .h) (p, p) 〈x, y : x2p, y2p, x2 y2, (xy)N/2〉 y2
The cases (C .c), (C .g) and (C . f ) are possible for ε3 = 1, N ≡ 0 (4) for two ﬁrst of them and N ≡ 0 (2p)
for the last.
In (C .a), (C .b) and (C .h), ε3 = 1 iff∑p−1j=1 jt jN ≡ 0 (2p).
In (C .d), ε3 = 1 iff∑p−1j=1 jt jN ≡ −2 (2p).
In (C .e) N ≡ 4δ (2p), 1 δ  p − 1 and ε3 = 1 iff 2∑p−1j=1 jt j + 1 ≡ 0 (p).
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∑p−1
j=1 jt j x−l|y−2 : t1, . . . , tp−1] for some odd integer l = p in range 1 l < 2p
such that [(l − 1)/2+∑p−1j=1 jt j]N ≡ 0 (2p) iff ε3 = 1.
Proof. If G acts on a p-gonal Riemann surface with branching data (2ε1,2ε2,N/2ε3, p, t. . . , p)
then by Lemma 3.4, a generating vector of G is equivalent to (8) and its elements x, y,h sat-
isfy the relations (9) for n2 = 2 and n3 = N/2. In particular, if (ε1, ε2) = (1,1) then G =
〈x, y,h : x2, y2, (xy)N/2, xhxh−α, yhyh−γ 〉 or G = 〈x, y〉 = DpN/2. In the ﬁrst case α,γ ∈ {1,−1},
(αγ )N/2 ≡ 1 (p) and ∑p−1j=1 jt j(1 + αγ + · · · + (αγ )N/2−1) ≡ 0 (p) iff ε3 = 1. Thus we obtain the
presentations (a), (b) or (c) according to α = γ = 1, α = γ = −1 or α = 1 and γ = −1, respec-
tively. The case (c) requires N ≡ 0 (4), since otherwise (αγ )N/2 ≡ 1 (p). Then ∑p−1j=1 jt j(1 + αγ +
· · · + (αγ )N/2−1) ≡ 0 (p) and so ε3 = 1. If G = DpN/2 then by conditions (3) and (4) of Lemma 3.4,
h = (xy)N/2 and ε3 = 1 iff ∑p−1j=1 jt jN/2 ≡ −1 (p).
For (ε1, ε2) = (1, p), G is generated by two elements x and y of orders 2 and 2p, respectively, such
that 〈y2〉 is a normal subgroup of G and (xy)N/2 = y2δ for some nonnegative integer δ less than p. If
δ = 0 then y2 is central in G and we obtain the presentation (e). Since (yx)N/2 = x(xy)N/2x = xy2δx =
y2δ = (xy)N/2, it follows that for any integer k, (xy)N/2+k = (yx)N/2(xy)k = (yx)N/2−1 y2(xy)k−1 =
y2(yx)N/2−1(xy)k−1 = · · · = y2k(xy)N/2−k . In particular, for k = N/2 we obtain y4δ = (xy)N = yN and
so N ≡ 4δ (2p). Now ε3 = 1 iff ∑p−1j=1 jt jN/2 ≡ −δ (p) what is equivalent to 2∑p−1j=1 jt j + 1 ≡ 0 (p).
For δ = 0, we have two possible presentations ( f ) or (g), where the last one requires N ≡ 0 (4).
Since (yx)N/2 = x(xy)N/2x = 1, it follows that 1= (yx)N/2(xy)N/2 = y2(αN/2−1+···+α+1) and so αN/2−1+
· · ·+α+1 ≡ 0 (p). The last congruence is satisﬁed in case (g) and it requires N ≡ 0 (2p) in ( f ). Since
the third element of a generating vector has order N/2, it follows that ε3 = 1.
If (ε1, ε2) = (p, p) then the elements x and y of vector (8) satisfy the relations x2p , y2p , x2 y−2,
(xy)N/2 y−2δ , for some δ such that 2δ +∑p−1j=1 jt jN ≡ 0 (2p) iff ε3 = 1. Since N is even and y2δ =
(xy)N/2 = (x2x−1 y−1 y2)N/2 = y2N−2δ , it follows that N − 2δ ≡ 0 (2p). Let x′ = x and y′ = y−1. Then
1 = x2 y−2 = x′2 y′2 and 1 = (xy)N/2 y−2δ = (x′ y′−1)N/2 y′2δ = (x′x′2 y′)N/2 y′2δ = x′N−2δ(x′ y′)N/2 =
(x′ y′)N/2. Thus we obtain the presentation (h).
It remains to show that the groups listed in theorem have orders pN . Let  be a Fuchsian group
with the signature (2,2p,N/2) and let x and y be its canonical generators of orders 2 and 2p, respec-
tively. Then the normal closure of y2 in  is a Fuchsian subgroup ′ such that /′ is a dihedral
group of order N . By Proposition 2.1, ′ has the signature (p, N/2. . . , p). Let zi = (xy)i y2(xy)−i for
i = 0, . . . ,N/2− 1. Then
xz0x = z1, yz0 y−1 = z0, xz1x = z0, yz1 y−1 = z0zN/2−1z−10 ,
xzix = vi zN/2+1−i v−1i , yzi y−1 = vi+1zN/2−i v−1i+1,
where vi = z0zN/2−1 . . . zN/2+2−i for i = 2, . . . ,N/2 − 1. Thus z0, . . . , zN/2−1 generate a normal sub-
group of  with a factor group DN/2. Furthermore, each of zi has order p and z0zN/2−1 . . . z1 = 1. So
{z0, . . . , zN/2} is a set of canonical generators for ′ .
For N ≡ 0 (2p), let ′′ be the normal closure of z1z−10 = xy2xy−2 in . Then ′′ is a normal
subgroup of ′ such that ′/′′ ∼= Zp and consequently /′′ has order pN . The last group is iso-
morphic to ( f ). Similarly, if N ≡ 0 (4) then the normal closure of z1z0 = xy2xy2 in  is a normal
subgroup ′′ such that /′′ has order pN and it is isomorphic to (g).
Now let  be a Fuchsian group with the signature (2,2p, pN/2) and let x and y be its generators
of orders 2 and 2p, respectively. Then the normal closure of {y2, (xy)N/2} in  is a subgroup ′ with
the signature (p, N/2+2. . . , p) such that /′ is isomorphic to DN/2. Let u1 = (xy)−N/2, u2 = (yx)−N/2
and zi = (xy)i y2(xy)−i for i = 0, . . . ,N/2− 1. Then
xz0x
−1 = z1, xz1x−1 = z0, xu1x−1 = u2, xu2x−1 = u1,
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−1 = wizN/2−i+1w−1i , yzi y−1 = wi+1zN/2−i w−1i+1
for wi = (z0u1zN/2−1 . . . z1)(zN/2−i . . . z1)−1, i = 2, . . . ,N/2 − 1. Furthermore, z0, . . . , zN/2−1, u1,u2
have orders p and u2z0u1zN/2−1 . . . z1 = 1. Thus we have a system of canonical generators for ′ .
Let ′′ be a normal closure of {u1u−12 ,u1zδ0} in . Then for N ≡ 4δ (2p), ′′ is a normal subgroup
of ′ such that ′/′′ ∼= Zp . Thus /′′ has order pN and it is isomorphic to (e).
Finally, let x and y be generators of orders 2p of a Fuchsian group  with the signature
(2p,2p,N/2). Then the normal closure of {x2, y2} in  is a Fuchsian group ′ with the signature
(p, N. . . , p) such that /′ ∼= DN/2. As above we justify that the elements zi = (xy)i y2(xy)−i and
ui = (yx)i x2(yx)−i for i = 0, . . . ,N/2 − 1 form a system of canonical generators of ′ . Now the nor-
mal closure of {z1z−10 ,u1u−10 , z0u0} in  is a normal subgroup ′′ <  such that /′′ has order pN
and it is isomorphic to (h). 
Theorem 3.8. The topological type of the (D)-action on a cyclic p-gonal Riemann surface of genus g > (p −
1)2 is determined by (2ε1,3ε2 , 3ε3, p, t. . . , p) generating vector [xl, y, (xl y)−1h−
∑p−1
j=1 jt j |h : t1, . . . , tp−1] for
some ε1, ε2, ε3 ∈ {1, p} and a group of automorphisms G with one of listed below presentations:
Case (ε1, ε2) Presentation of G h Cond.
(D.a) (1,1) 〈x, y, z : x2, y3, zp, (xy)3, xzx−1z−1, yzy−1z−1〉 z p > 2
(D.b) (1,1) 〈x, y, z : x2, y3, zp, (xy)3, xzx−1z−1, yzy−1z−γ 〉 z p > 5
(D.c) (1, p) 〈x, y : x2, y3p, (xy)3 y−3, (xy)3p〉 y3 p > 2
(D.d) (p,1) 〈x, y : x2p, y3, (xy)3x−2δ, (xy)3p〉 x2 p > 3
(D.e) (p,1) 〈x, y : x2p, y3, yx2 y−1x−2, (xy)3〉 x2 p = 3
(D. f ) (p,1) 〈x, y : x2p, y3, yx2 y−1x−2γ , (xy)3〉 x2 p > 5
(D.g) (p, p) 〈x, y : x2p, y3p, (xy)3x−2δ, x2 y−3, (xy)3p〉 x2 p > 2
(D.h) (p, p) 〈x, y : x2p, y3p, (xy)3, x2 y−3〉 x2 p = 5
In all cases but (D.g) and (D.h), l = 1 and in the exceptional cases l = p is odd integer in range 1 l < 2p.
The integers 1 < γ ,δ < p satisfy the conditions: γ 2 + γ + 1 ≡ 0 (p), 2δ ≡ 3 (p) in (D.d) and 2δ ≡ 5 (p)
in (D.g).
In (D.b), (D.e) and (D. f ), ε3 = 1.
In (D.d) and (D.g), ε3 = 1 iff 3∑p−1j=1 jt j ≡ −δ (p).
In (D.a) and (D.h), ε3 = 1 iff 3∑p−1j=1 jt j ≡ (p).
In (D.c) ε3 = 1 iff 3∑p−1j=1 jt j ≡ −1 (p).
Proof. If G acts on a cyclic p-gonal Riemann surface with branching data (2ε1,3ε2,3ε3, p, t. . . , p)
then by Lemma 3.4, a generating vector of G has the form (8) and its elements x, y and h satisfy the
relations x2 = hl1 , y3 = hl2 , (xy)3 = hδ , xhx−1 = hα and yhy−1 = hγ , for some integers l1, l2,α,γ , δ
such that α2 ≡ 1 (p), γ 3 ≡ 1 (p), (αγ )3 ≡ 1 (p) and li = 0 or 1 according to εi = 1 or p, respectively.
Thus α = 1 and (yx)3 = x−1(xy)3x = (xy)3. Let us transform xyx = hδ y−1x−1 y−1 into xyx−1hl1 =
hδ−l2−l1γ 2 y(yx)y−1. Then the third power of both sides involves only h and we conclude that(
l2 + l1γ + l1γ 2 − δ
)(
1+ γ + γ 2)+ l2 ≡ δ (p). (12)
If γ = 1 then γ 2 + γ + 1 ≡ 0 (p) and so δ ≡ l2 (p). Since h is central for δ = 0, it follows then δ = 0
and we obtain the presentations (b) of ( f ), where by Lemma 3.4, δ +∑p−1j=1 jt j(1 + γ + γ 2) ≡ 0 (p)
if and only if ε3 = 1. Thus these cases require ε3 = 1.
If γ = 1 then by (12), 2δ − 2l2 − 3l1 ≡ 0 (p). In particular, δ ≡ l2 (p) for l1 = 0 what provides the
presentations (a) and (c), where ε3 = 1 if and only if 3∑p−1j=1 jt j ≡ 0 (p) or 3∑p−1j=1 jt j ≡ −1 (p),
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with ε3 = 1 or (g) with δ = 1 and ε3 = p. For the remaining values of p, G has the presentation (d)
or (g), where ε3 = 1 iff 3∑p−1j=1 jt j + δ ≡ 0 (p). In particular, for p = 5 and l2 = 1, δ = 0 and G has
the presentation (h).
Now we shall show that the groups listed in theorem have orders 12p. Let  be a Fuchsian
group with the signature (2p,3,3) and let x and y be its canonical generators of orders 2p and 3,
respectively. Then the normal closure of x2 in  is a subgroup ′ such that /′ is isomorphic
to A4. By Proposition 2.1, ′ is a Fuchsian group with the signature (p, p, p, p, p, p). Let us choose
the elements
z1 = x2, z2 = x−1 yx2 y−1x, z3 = x−1 y−1x2 yx,
z4 = yxy−1x2 yx−1 y−1, z5 = yx2 yx2 y−1x−2 y−1, z6 = yx2 y−1.
For any v,w ∈ , let wv = vwv−1. Then
zx1 = z1, zx2 = z6, zx3 = z
z−16
5 , z
x
4 = z(z5z6)
−1
4 ,
zx5 = z(z1z2)3 , zx6 = zz12 , zy1 = z6, zy2 = z
z−16
3 ,
zy3 = z
z−16
4 , z
y
4 = z(z3z4z6)
−1
2 , z
y
5 = z
(z−16 z5z6)
1 , z
y
6 = z
z−16
5 .
Thus z1, . . . , z6 generate a normal subgroup of  with the factor group A4 and since each of them
has order p and z1z2z3z4z5z6 = 1, it follows that they form a system of canonical generators for ′ .
Let ′′ be the normal closure of z6z−γ1 = yx2 y−1x−2γ in  for some integer γ satisfying γ 3 ≡ 1 (p).
Then ′′ is a normal subgroup of ′ such that ′/′′ ∼= Zp . Thus /′′ has order 12p and it is
isomorphic to (e) or ( f ) according to γ = 1 or γ = 1, respectively.
Now let  be a Fuchsian group with the signature (2p,3,3p) and let x and y be its canonical
generators of orders 2p and 3, respectively. Then the normal closure of {x2, (xy)3} in  is a Fuchsian
subgroup ′ <  with the signature (p, p, p, p, p, p, p, p, p, p) such that /′ is isomorphic to A4.
Let us choose the elements
z1 = x2, z2 = (yx)3x−1 yx2 y−1x(yx)−3,
z3 = (yx)2x2(yx)−2, z4 = yxy−1x2 yx−1 y−1,
z5 = yx2 yx2 y−1x−2 y−1, z6 = yx2 y−1,
u1 = (xy)−1(yx)−3xy, u2 = (yxy)−1(xy)−3(yxy),
u3 = (xy)−3, u4 = x(xy)−3x−1.
Then
zx1 = z1, zx2 = z
u−13
6 , z
x
3 = z(z6u3)
−1
5 ,
zx4 = z(z5z6u1u3)
−1
4 , z
x
5 = z(u4z1z2)3 , zx6 = z(u4z1)2 ,
ux1 = u(u4z1z4z5z6u1)2 , ux2 = u(u4z1z5z6)1 , ux3 = u4,
ux4 = uz13 , zy1 = z6, zy2 = z
(z5z6u1z
−1
6 z
−1
5 z6)
−1
3 ,
zy3 = z
(z5z6u1z
−1
6 z
−1
5 z6)
−1
4 , z
y
4 = z
(z−16 z5z6u3u4z1)
2 , z
y
5 = z
(z−16 z5z6)
1 ,
zy6 = z
z−16
5 , u
y
1 = u
z−11
3 , u
y
2 = u
(u3u4z1z2z
−1
1 u
−1
4 z1)
−1
2 ,
uy = uz
−1
1 , uy = u(z5z6).3 4 4 1
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and since each of them has order p and z1z2z3z4z5z6u1u2u3u4 = 1, it follows that they form a system
of canonical generators for ′ . Let ′′ be the normal closure of u−13 z
−δ
1 = (xy)3x−2δ in  for some
integer δ such that 2δ ≡ 3 (p). Then ′′ is a normal subgroup of ′ such that ′/′′ ∼= Zp . Thus
/′′ has order 12p and it is isomorphic to (d).
Next let  be a Fuchsian group with the signature (2,3p,3p) and let x and y be its canonical gen-
erators of orders 2 and 3p respectively. Then the normal closure of {y3, (xy)3} in  is a subgroup ′
such that /′ is isomorphic to A4. The Fuchsian group ′ has the signature (p, p, p, p, p, p, p, p)
and the elements
z1 = xy3x, z2 = xy−2xy3xy2x,
z3 = (yx)−2 y3(yx)2, z4 = y3,
u1 = y−2(xy)−3 y2, u2 = y−1(xy)−3 y,
u3 = y−1xy2(xy)−3 y−2xy, u4 = (xy)−3
form a system of its canonical generators. Indeed, all of them have order p, z1z2z3z4u1u2u3u4 = 1
and
zx1 = z4, zx2 = z(z4u1)
−1
3 , z
x
3 = z(u4z1)2 , zx4 = z1,
zy1 = z
(z4u1z
−1
4 )
−1
3 , z
y
2 = z
(z3z4u1z
−1
4 )
−1
1 , z
y
3 = z(z4u2u4z1)2 , zy4 = z4,
ux1 = u
z−11
4 , u
x
2 = u(z3z4u1u2)3 , ux3 = u(z3z4u1)2 , ux4 = uz41 ,
uy1 = u2, uy2 = u4, uy3 = u
(u4z1z2z
−1
1 )
−1
3 , u
y
4 = uz41 .
Let ′′ be the normal closure of z4u4 = y3(xy)−3 in . Then ′′ is a normal subgroup of ′ such
that ′/′′ ∼= Zp . Thus /′′ has order 12p and it is isomorphic to (c).
Let  be a Fuchsian group with the signature (2p,3p,3) and let x and y be its canonical gen-
erators of orders 2p and 3p, respectively. Then the normal closure of {x2, y3} in  is a normal
subgroup ′ with the signature (p, p, p, p, p, p, p, p, p, p) such that /′ is isomorphic to A4. Here
the system of canonical generators of ′ consists of
z1 = x2, z2 = x−1 y−2x2 y2x,
z3 = (yx)−1x2(yx), z4 = yxy−1x2 yx−1 y−1,
z5 = yx2 yx2 y−1x−2 y−1, z6 = yx2 y−1,
u1 = y3, u2 = y−1x−1 yx−1 y3xy−1xy,
u3 = (xy)−1 y3(xy), u4 = xy3x−1.
(13)
The reader can check that
zx1 = z1, zx2 = z
u−11
6 , z
x
3 = z(z6u1)
−1
5 ,
zx4 = z(z5z6u1u3)
−1
4 , z
x
5 = z(u4z1z2)3 , zx6 = z(u4z1)2 ,
zy1 = z6, zy2 = z
(z−16 z4z5z6u1u3u4z1z2)
3 , z
y
3 = z
z−16
4 ,
zy = z(z
−1
6 z5z6u1u4z1), zy = z(z
−1
6 z5z6u1), zy = zz
−1
6 ,4 2 5 1 6 5
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ux2 = uz1(z4z5z6u1u3u4z1z2z3)
−1z5z6u1
3 , u
y
2 = u
(u4z1z2z
−1
1 u
−1
4 z1)
−1
3 ,
ux3 = u
(u3u4z1z2z3z
−1
1 )
−1
2 , u
y
3 = u
z−11
4 ,
ux4 = uz11 , uy4 = u(u3u4z1z2z3)
−1
2 .
Let ′′ be the normal closure of z1u−11 = x2 y−3 in . Then ′′ is a normal subgroup of ′ such that
′/′′ ∼= Zp . Thus /′′ has order 12p and it is isomorphic to (h).
Finally let us take a Fuchsian group  with the signature (2p,3p,3p) and let x and y be its
canonical generators of orders 2p and 3p, respectively. Then the normal closure of {x2, y3, (xy)3} in 
is a subgroup ′ with the signature (p, p, p, p, p, p, p, p, p, p, p, p, p, p, ). As the set of its canonical
generators we can choose the elements given by (13) and four additional listed below
w1 = xy−2x(yx)−3x−1 y2x−1,
w2 = xy−2x2(yx)−3x−2 y2x−1,
w3 = xy−2x2 yxy−2x(xy)−3x−1 y2x−1 y−1x−2 y2x−1,
w4 = xy−2x2 yx(xy)−3x−1 y−1x−2 y2x−1.
The normal closure of {w−14 z1z2z−δ3 (z1z2)−1, z1u−11 } in  is a subgroup ′′ such that /′′ has
order 12p and it is isomorphic to (g). 
Our approach to (E)- and (F )-actions is the same as in the previous cases and therefore we will
prove the next two theorems in short.
Theorem3.9. The topological type of the (E)-action on a cyclic p-gonal Riemann surface of genus g > (p−1)2
is determined by (2ε1,3ε2 , 4ε3, p, t. . . , p)-generating vector [xl, y, (xl y)−1h−
∑p−1
j=1 jt j ;h : t1, . . . , tp−1] for
some ε1, ε2, ε3 ∈ {1, p} and a group of automorphisms G which for p > 3 has one of listed presentations:
Case (ε1, ε2) Presentation of G h
(E.a) (1,1) 〈x, y, z : x2, y3, zp, (xy)4, xzx−1z−1, yzy−1z−1〉 z
(E.b) (1,1) 〈x, y, z : x2, y3, zp, (xy)4, xzx−1z, yzy−1z−1〉 z
(E.c) (1, p) 〈x, y : x2, y3p, (xy)4 y−3δ, (xy)3p〉 y3
(E.d) (1, p) 〈x, y : x2, y3p, (xy)4, xy3xy3〉 y3
(E.e) (p,1) 〈x, y : x2p, y3, (xy)4x−4, (xy)4p〉 x2
(E. f ) (p, p) 〈x, y : x2p, y3p, x2 y−3, (xy)4x−2δ〉 x2
In all cases but (E. f ), l = 1 and in the exceptional case l = p is odd integer in range 1 l < 2p. In (E.c)
and (E. f ) 3δ ≡ 4 (p) and 3δ ≡ 10 (p), respectively. The cases (E.b) and (E.d) are possible for ε3 = 1. In (E.a),
(E.c), (E.e) and (E. f ), ε3 = 1 if and only if∑p−1j=1 jt j ≡ 0 (p), 3∑p−1j=1 jt j ≡ −1 (p), 2∑p−1j=1 jt j ≡ −1 (p)
and 6
∑p−1
j=1 jt j ≡ −5 (p), respectively.
For p = 3, G has one of presentations (E.b), (E.d) with ε3 = 1 or (E.a), (E.e), where ε3 = 1 iff t1 + 2t2 ≡
0 (3) or 1+ 2(t1 + 2t2) ≡ 0 (3).
Proof. By Lemma 3.4, a (2ε1,3ε2,4ε3, p, t. . . , p)-generating vector of G is equivalent to (8) and its el-
ements x, y and h satisfy the relations x2 = hl1 , y3 = hl2 , hp = 1, xhx−1 = hα , yhy−1 = hγ and (xy)3 =
hδ for some integers l1, l2,α,γ , and δ such that α2 ≡ 1 (p), γ 3 ≡ 1 (p), (αγ )4 ≡ 1 (p) and li = 0 or 1
according to εi being 1 or p. In particular, α ∈ {1,−1}, γ ≡ 1 (p) and (yx)4 = y(xy)4 y−1 = (xy)4. By
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the fourth power we conclude that δ(1+ 2α) − (2l2 + 3l1)(1+α) ≡ 0 (p). In addition, by Lemma 3.4,
ε3 = 1 iff δ +∑p−1j=1 jt j(1 + α + α2 + α3) ≡ 0 (p). In particular, δ ≡ 0 (p) for α = −1 and so G has
one of presentations (b) or (d) with ε3 = 1.
If α = 1 then 3δ ≡ 6l1 − 4l2 (p). Thus for p = 3, ε3 = 1 iff 3l1 + 2l2 + 6∑p−1j=1 jt j ≡ 0 (p). By
substituting l1 and l2 corresponding to particular values of ε1 and ε2 we obtain the conditions on δ
and ε3 what provide the presentations (a), (c), (e) and ( f ).
For p = 3, l2 = 0 and δ ∈ {0,1,2}. First suppose that l1 = 0. If δ = 0 then the action is determine by
v1 = [x, y, (xy)−1h−t1−2t2 |h : t1, t2] and G1 with the presentation (a), where ε3 = 1 iff t1 +2t2 ≡ 0 (3).
If δ = 0 then we can assume that h = (xy)4 and v2 = [x, y, (xy)−1−4(t1+2t2)|(xy)4 : t1, t2]. Now the
relation xhx−1h−1 has the form (yx)4(xy)8 and so G2 = 〈x, y : x2, y3, (xy)12, (yx)4(xy)8〉 ∼= Z3 ⊕ S4.
Let ϕ : G2 → G1 be given by ϕ(x) = x and ϕ(y) = yz. Then the pair (idΛ,ϕ) induces the equivalence
of v1 and v2.
Similarly, if l1 = 1 then the different values of δ correspond to different choices of elements x ∈
π−1(x˜1) and y ∈ π−1(x˜2) and they provide the equivalent actions. Thus we can assume that G has
the presentation (e), where ε3 = 1 iff 1+ 2(t1 + 2t2) ≡ 0 (p).
By the method introduced in the two previous theorems, it can be proved that all listed groups
have orders 24p. 
Theorem 3.10. The topological type of the (F )-action on a cyclic p-gonal Riemann surface of genus g >
(p − 1)2 is determined by (2ε1,3ε2 , 5ε3, p, t. . . , p)-generating vector [xl, y, (xl y)−1h−
∑p−1
j=1 jt j ;h : t1, . . . ,
tp−1] for some ε1, ε2, ε3 ∈ {1, p} and a group of automorphisms G with one of listed presentations:
Case (ε1, ε2) Presentation of G h p
(F .a) (1,1) 〈x, y, z : x2, y3, zp, (xy)5, xzx−1z−1, yzy−1z−1〉 z p > 2
(F .b) (1, p) 〈x, y : x2, y3p, (xy)5 y−3δ, (xy)5p〉 y3 p > 5
(F .c) (1, p) 〈x, y : x2, y3p, (xy)5, xy3xy−3〉 y3 5
(F .d) (p,1) 〈x, y : x2p, y3, (xy)5x−2δ, (xy)5p〉 x2 p > 5
(F .e) (p,1) 〈x, y : x2p, y3, (xy)5, yx2 y−1x−2〉 x2 3,5
(F . f ) (p, p) 〈x, y : x2p, y3p, x2 y−3, (xy)5x−2δ〉 x2 p > 5
(F .g) (p, p) 〈x, y : x2p, y3p, x2 y−3, (xy)5〉 x2 5
In all cases but (F . f ) and (F .g) l = 1 and in the exceptional cases l = p is odd integer in range 1 l < 2p. If
p > 5, then in (F .a), ε3 = 1 iff∑p−1j=1 jt j ≡ 0 (p); in (F .b), (F .d) and (F . f ), ε3 = 1 iff δ+5∑p−1j=1 jt j ≡ 0 (p),
where 3δ ≡ 5 (p), 2δ ≡ 5 (p) and 6δ ≡ 25 (p), respectively. For p = 5, ε3 = 1 and for p = 3, ε3 = 1 iff
t1 + 2t2 ≡ 0 (3).
Proof. Here elements x, y,h of generating vector (8) satisfy the relations x2 = hl1 , y3 = hl2 , hp = 1,
xhx−1 = hα , yhy−1 = hγ and (xy)5 = hδ for some integers l1, l2,α,γ and δ such that α2 ≡ 1 (p),
γ 3 ≡ 1 (p), (αγ )5 ≡ 1 (p) and li = 0 or 1 according to εi being 1 or p. Thus αγ 2 ≡ (αγ )5 ≡ 1 (p)
and αγ ≡ αγ (αγ )5 ≡ α6γ 6 ≡ 1 (p) what implies γ ≡ 1 (p) and α ≡ 1 (p). Now
[x, y]2 = ((xy)2 y)2h−2l1−2l2 = (xy)2 y(xy)−3 yhδ−2l1−2l2
and so [x, y]2 y−1 = (xy)2x−1(xy)−2hδ−2l1−2l2 . Raising the both sides to the second power we obtain
[x, y]2 y−1x[xy]−2xy−1 = h2δ−4l1−4l2 what implies [x, y]2(xy)−1[x, y]−2 = yxh2δ−6l1−4l2 . Now the ﬁfth
power of the both sides gives 6δ−15l1−10l2 ≡ 0 (p). By Lemma 3.4, ε3 = 1 iff δ+5∑p−1j=1 jt j ≡ 0 (p).
Thus for p = 5, δ = 0 and we obtain the presentations (a), (c), (e), (g) with ε3 = 1. For p = 3, l2 = 0
and δ is an arbitrary integer in range 0  δ  p − 1. However different values of δ correspond to
different choices of x ∈ π−1(x˜1) and y ∈ π−1(x˜2) and provide equivalent actions. For example, if
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[x, y, (xy)−1−5(t1+2t2)|(xy)5 : t1, t2]. It is equivalent to the action given by G2 = 〈x, y〉 ⊕ 〈h〉 = A5 ⊕ Z3
and v2 = [x, y, (xy)−1ht1+2t2 |h−1 : t1, t2] via (idΛ,ϕ), where ϕ : G1 → G2 is induced by ϕ(x) = x and
ϕ(y) = yh. Consequently we obtain the case (a). By a similar argumentation with l1 = 1 we obtain
the presentation (e). In both cases ε3 = 1 iff t1 + 2t2 ≡ 0 (3).
For p > 5, 6δ ≡ 15l1 +10l2 (p) and so ε3 = 1 iff 3l1 +2l2 +6∑p−1j=1 jt j ≡ 0 (p). Thus we obtain the
conditions on δ and ε3 in cases (a), (b), (d) and ( f ).
By the method introduced in Theorems 3.7 and 3.8, it can be proved that the groups listed in
theorem have orders 60p. 
4. Full actions on cyclic p-gonal Riemann surfaces
Theorem 4.1. A group G is the full group of automorphisms of some cyclic p-gonal Riemann surface of genus g
if and only if G is one of the groups listed in Theorems 3.5–3.10 and the pair (G, g) does not appear in the next
table.
G g Conditions
G(A) (p − 1)/2 none
G(B.a) (N − 1)(p − 1) none
G(B.b) (N − 1)(p − 1) α = −1,N ≡ 0 (2)
G(B.d) N(p − 1) none
G(B.a) (N − 2)(p − 1)/2 none
G(B.b) (N − 2)(p − 1)/2 α = −1,N ≡ 0 (2)
G(B.d) N(p − 1)/2 N ≡ 0 (p)
Proof. Let G = Λ/Γ be a group of automorphisms of cyclic p-gonal Riemann surface X =H/Γ of
genus g > 1. If the signature τ of Λ does not appear in the ﬁrst column of Tables 1.5.1 or 1.5.2
in [13] then Λ can be chosen to be a maximal [13] and so G can be assumed to be full group of
automorphisms of X . In the other case Λ is always contained in an NEC group Λ′ and signatures τ ′
of such groups are given in the second column of the corresponding row. However most τ ′ gives rise
to the action on non cyclic p-gonal Riemann surface X ′ . So we need only to examine the signatures
[N,N, p, p], [pN, pN, p, p], [N,N, p], [pN, pN, p] and [p, p, p], where in the last case p > 4. We shall
prove that for every group Λ with one of the above signatures and every epimorphism θ : Λ → G
whose kernel Γ has signature (g;−) and H/Γ is cyclic p-gonal, there exist a Fuchsian group Λ′ ,
a group G ′ , group embeddings i : Λ ↪→ Λ′ , j : G ↪→ G ′ and an epimorphism θ ′ : Λ′ → G ′ such that
1 = [Λ′ : Λ] = [G ′ : G] and θ ′ · i = j · θ . Then G = Λ/Γ  Λ′/Γ = G ′ ⊆ Aut(X), for all cyclic p-gonal
surfaces X of genus g on which G acts as a group of automorphisms.
(i) τ = [N,N, p, p] and τ ′ = [2,2,N, p]: Let Λ′ be a Fuchsian group with the signature τ ′ con-
taining Λ and let y1, y2, y3 be its canonical generators. Then x1 = y−13 , x2 = (y1 y2)−1 y3(y1 y2),
x3 = y3 y4 y−13 and x4 = y−14 belong to Λ and have orders N,N, p and p, respectively. Moreover it
is easy to see that x1x2x3x4 = 1 and x1, x2, x3, x4 generate the normal subgroup of Λ′ of index 2.
So x1, x2, x3 and x4 form a system of canonical generators for Λ and consequently, the embedding
i : Λ ↪→ Λ′ is induced by the assignment:
i(x1) = y−13 , i(x2) = (y1 y2)−1 y3(y1 y2), i(x3) = y3 y4 y−13 , i(x4) = y−14 . (14)
The signature [N,N, p, p] appears in Theorem 3.6 and so G has the presentation (B.a) or (B.b). The
signature τ ′ appears in Theorem 3.7 and so G ′ has one of presentations (C .a)–(C .d). First assume
that G = 〈x : xN 〉 ⊕ 〈z : zp〉 and let θ : Λ → G be an epimorphism represented by generating vec-
tor vθ = (x, x−1, z, z−1). If N ≡ 0 (p) then for group G ′(C .a) = 〈x′, y′ : x′2, y′2, (x′ y′)N 〉 ⊕ 〈z′ : z′ p〉 and
an epimorphism θ ′ : Λ′ → G ′ deﬁned by vector vθ ′ = (x′, y′, (x′ y′)−1z′−1, z′), there exists a group
monomorphism j : G → G ′ induced by j(x) = z′x′ y′ , j(z) = z′ such that j · θ = θ ′ · i.
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such that ak + bp = 1. Then for the group G ′
(C .d) = 〈x′, y′ : x′2, y′2, (x′ y′)pN 〉 and vector vθ ′ =
(x′, y′, (x′ y′)−1+aN , (x′ y′)−aN ), the assignment j(x) = (x′ y′)1−aN , i(z) = (x′ y′)−aN induces a group
monomorphism j : G → G ′ consistent with θ and θ ′ .
Now let G = 〈x, z : xN , zp, xzx−1x−α〉, where α = 1 is an integer such that αN ≡ 1 (p). By inspection
of presentations (C .a)–(C .d), we conclude that the monomorphism j : G → G ′ exists if and only if α =
p − 1, N ≡ 0 (2) and G ′ is isomorphic to G ′(C .c) = 〈x′, y′, z′ : x′2, y′2, z′ p, (x′ y′)N , x′z′x′z′−1, y′z′ y′z′〉.
The assignments
i(x1) = y1 y3 y1, i(x2) = y3, i(x3) = y−13 y1 y4 y1 y3, i(x4) = y4
and j(x) = z′x′ y′, j(z) = z′−1 induce the monomorphisms i : Λ → Λ′ and j : G → G ′ which are con-
sistent with θ and θ ′ deﬁned by vectors vθ = (x, x−1, z, z−1) and vθ ′ = (x′, y′, (x′ y′)−1z′−1, z′).
(ii) τ = [pN, pN, p, p] and τ ′ = [2,2, pN, p]: Then G = 〈x : xpN 〉. For N ≡ 0 (p), there exists
group G ′ with the presentation G ′
(C .d) = 〈x′, y′ : x′2, y′2, (x′ y′)Np〉 and monomorphisms i : Λ → Λ′
and j : G → G ′ given by (14) and j(x) = (x′ y′)1+N , respectively, which are consistent with generating
vectors vθ = (x, x−1, xN , x−N ) and vθ ′ = (x′, y′, (x′ y′)−1−N , (x′ y′)N ).
If N ≡ k (p) and ak ≡ 1 (p) then for the group G ′ with the presentation G ′(C .a) = 〈x′, y′ :
x′2, y′2, (x′ y′)N 〉 ⊕ 〈x′ : z′ p〉, the monomorphisms i and j given by (14) and j(x) = z′x′ y′ are con-
sistent with vθ = (x, x−1, xaN , x−aN ) and vθ ′ = (x′, y′, (x′ y′)−1z′−1, z′).
(iii) τ = [N,N, p] and τ ′ = [2,2p,N]: Here G has the presentation (B.a) or (B.b). First assume
that G = 〈x, z : xN , zp, xzxz−1〉 and vθ = (x, x−1z−1, z) for some N ≡ 0 (p). Then for the group
G ′
(C . f ) = 〈x′, y′ : x′2, y′2p, x′ y′2x′ y′−2, (x′ y′)N 〉 and a generating vector vθ ′ = (x′, y′, (x′ y′)−1), the
monomorphisms i : Λ → Λ′ and j : G → G ′ given by assignments
i(y1) = x−13 , i(y2) = x−12 x−13 x2, i(y3) = x−22 (15)
and
j(x) = x′ y′, j(z) = y′−2 (16)
are consistent with epimorphisms θ and θ ′ .
If G = 〈x, z : xN , zp, xzx−1zα〉, where ∑N−1i=0 αi ≡ 0 (p), then G ′ has one of presentations (C .e),
(C . f ) or (C .g). For any monomorphism i : G → G ′ , i(z) is conjugate to some power of y′2. Since y′2
is central in G ′(C .e) and G
′
(C . f ) , it follows that the monomorphism i exists if and only if α = p − 1 and
G ′ has the presentation G ′(C .g) = 〈x′, y′ : x′2, y′2p, (x′ y′)N , x′ y′2x′ y′2〉. So assume that N ≡ 0 (2) and
let vθ = (x, x−1z−1, z) and vθ ′ = (x′, y′, (x′ y′)−1) be generating vectors of G and G ′ . Then (15) and
(16) deﬁne required monomorphisms.
(iv) τ = [pN, pN, p] and τ ′ = [2,2p, pN]: Here G and G ′ have the presentations G(B.d) = 〈x : xpN 〉
and G ′(C .e) = 〈x′, y′ : x′2, y′2p, (x′ y′)y′−2δ〉, respectively, where δ is an integer in range 1  δ  p − 1
such that N ≡ 2δ (p). Let c,d be integers such that cδ + dp = 1. Then the monomorphisms i : Λ → Λ′
and j : G → G ′ deﬁned by (15) and j(x) = x′ y′ , respectively are consistent with vθ = (x, x−1+Nc, x−Nc)
and vθ ′ = (x′, y′, (x′ y′)−1).
(v) τ = [p, p, p] and τ ′ = [3,3, p] with p > 3: Let G = 〈z : zp〉 and vθ = (z, z, z−2). The signature
[3,3, p] appears in Theorem 3.6 for G ′
(B.b) with N = 3. So let G ′ = 〈x,h : x3,hp, xhx−1h−α〉 for some in-
teger α such that α2+α+1 ≡ 0 (p) and let vθ ′ = (x, x−1h−1,h). Then the monomorphisms i : Λ → Λ′
and j : G → G ′ induced by i(x1) = y2 y−23 y−12 , i(x2) = x−11 y−13 y1, i(x3) = y23 and j(z) = x−1h−1x are
consistent with θ and θ ′ . 
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